Extreme pathways are a unique and minimal set of vectors that completely characterize the steady-state capabilities of genome-scale metabolic networks. A framework is provided to mathematically characterize extreme pathway length and to study how individual reactions participate in the extreme pathway structure of a network. The length of an extreme pathway is the number of reactions that comprise it. Reaction participation is the percentage of extreme pathways that utilize a given reaction. These properties were computed for the production of individual amino acids and protein production in Helicobacter pylori and individual amino acid production in Haemophilus influenzae. Reaction participation classifies the reactions into groups that are always, sometimes, or never utilized for the production of a target product. The utilized reactions can be further grouped into correlated subsets of reactions, some of which are non-obvious, and which may, in turn, suggest regulatory structure. The length of the extreme pathways did not correlate with product yield or chemical complexity. The distributions of extreme pathway lengths in H. pylori were also very different from those in H. influenzae, showing a distinct systemic difference between the two organisms, despite overall similar metabolic networks. Reaction participation and extreme pathway lengths thus serve to elucidate systemic biological features.
Biochemical pathways are thought of as functional units of metabolic networks. As such, the definitions and characterizations of metabolic pathways allow for a detailed analysis of robustness, physiological capabilities, and other systemic features of these complex reaction networks. These emergent properties necessitate the development of clear and mathematically precise definitions for a metabolic pathway. Mathematical and systemic definitions of metabolic pathways have been proposed (Mavrovouniotis and Stephanopoulos 1990; Liao et al. 1996; Karp et al. 1999; Schuster et al. 1999; Ouzounis and Karp 2000; .
Extreme pathways are mathematically derived vectors that can be used to characterize the phenotypic potential of a defined metabolic network (Schilling et al. 1999 . Extreme pathway analysis has the following characteristics: (1) it generates a unique and minimal set of systemic pathways; (2) it describes all possible steady-state flux distributions that the network can achieve by non-negative linear combinations of the extreme pathways; and (3) it enables the determination of time-invariant, topological properties of the network. The calculation of extreme pathways is computationally challenging and for large networks, generates a tremendous amount of numerical data. Samatova et al. 2002) . These challenges are being met and extreme pathway analysis has been performed at a genome scale for amino acid production in Haemophilus influenzae and protein production in Helicobacter pylori . With the ability to compute extreme pathways for large networks, it is necessary to develop methods to study the salient features of large sets of extreme pathways.
Extreme pathways can be characterized by their length and reaction participation. Extreme pathway length is defined as the number of reactions involved in an extreme pathway. Extreme pathways describe the conversion of substrates into products, while also creating all byproducts needed to maintain the systemic elemental balance and maintaining all cofactor pools at steady state. This characteristic distinguishes the definition of an extreme pathway from the traditional pathway definition of a linear chain of reactions (i.e., the series of reactions that connect a substrate to a product). This distinction is important because the extreme pathways account for all the reaction steps a network must use to complete the synthesis process. Therefore, extreme pathways can have multiple inputs and multiple outputs and are network properties. Consequently, extreme pathway length can also be characterized as the size or complexity of the corresponding flux distribution map. Another important characterization of extreme pathways is the reaction participation number, which is defined as the percentage of extreme pathways in which a given reaction participates. Reactions that participate in a large number of extreme pathways may represent good targets for regulation. Extreme pathway lengths and reaction participation numbers can thus be used to characterize the large-scale properties of metabolic networks. This study presents the first calculations of extreme pathway length and reaction participation for genome-scale metabolic networks, using the networks of H. pylori and H. influenzae as case studies. dent and unique extreme pathways . Extreme pathways correspond to steady-state flux distributions through a metabolic network. Thus, extreme pathways do not simply describe a linear set of reactions linking substrate to product, but instead, characterize the relative flux levels through all the reactions necessary to convert substrates to products, to balance all cofactor pools, and to secrete any byproducts needed to maintain the network in a homeostatic state. The sets of extreme pathways studied here lead to the synthesis of a target product, such as an individual amino acid or all the protein in a cell. Therefore, each extreme pathway in the set corresponds to a complete flux map that synthesizes the target product within the metabolic network. Extreme pathways are so named because they are the edges of a solution space and thus characterize the extreme functions of the network. The extreme pathways can be thought of as generating a convex cone in high-dimensional space, circumscribing all possible steady-state metabolic phenotypes ( Fig. 1 ). All potential steady-state flux distributions through the network (hence, all metabolic phenotypes) are non-negative linear combinations of the extreme pathways. Consequently, the extreme pathways specify theoretical upper and lower bounds of the conversion of any substrates to any products.
It should be noted that the extreme pathways are an irreducible, nonredundant subset of elementary modes (Pfeiffer et al. 1999; Schuster et al. 1999 Schuster et al. , 2000 . Elementary modes for a given network are more numerous than the extreme pathways, but can all be represented by non-negative, linear combinations of the extreme pathways.
Pathway Length and Reaction Participation Matrices
A matrix of extreme pathways can be formed in which each column is an extreme pathway and each row corresponds to a reaction in the network. The numerical value of the i,j th element corresponds to the relative flux level through the i th reaction in the j th extreme pathway. The Extreme Pathway Matrix is formed using all of the extreme pathways. A simple example reaction network and the corresponding Extreme Pathway Matrix are shown in Figure 2A . The Extreme Pathway Matrix shown in Figure 2A contains three extreme pathways. Each of these extreme pathways is displayed graphically in Figure 2A . EP 1 and EP 2 are not simply linear reaction chains, but instead, contain two outputs, E and the byproduct. Extreme pathways can have any number of inputs or outputs. EP 3 , like EP 2 , maintains cofactor pools at steady state. Each of the extreme pathways results in the production of the product E.
The Pathway Length Matrix (P LM ) is calculated directly from the Extreme Pathway Matrix, as shown in Figure 2B . The Extreme Pathway Matrix is first written in a binary form (P), in which each reaction is categorized as either used (1) or not used (0) within each extreme pathway. Then, the pathway length matrix, P LM , is computed by pre-multiplying the binary Extreme Pathway Matrix by its own transpose,
resulting in a symmetric matrix. The P LM for the system in Figure 2A is shown in Figure 2B . The values along the diagonal of P LM correspond to the length of each extreme pathway. In the example system, the first value along the diagonal is 6, meaning that six reactions participate in EP 1 . A quick count of the reactions shown in EP 1 ( Fig. 2A) shows that there are six reactions participating in the first extreme pathway. The off-diagonal terms of P LM are equally easy to interpret. They are the number of reactions that a pair of extreme pathways have in common. For example, notice the circled off-diagonal term in Figure 2B . This element is a comparison of EP 3 (the column) and EP 1 (the row) and contains a value of 5. This means that EP 1 and EP 3 have five reactions in common. Upon examining EP 1 and EP 3 in Figure 2A , one can readily see that the five reactions shared are b 1 , v 1 , v 2 , b 2 , and b 3 . Thus, the off-diagonal terms of the pathway length matrix are the reactions common to the two pathways being compared at each element of the matrix.
The Reaction Participation Matrix (R PM ) is also calculated directly from the binary form of the Extreme Pathway Matrix. The Reaction Participation Matrix is calculated by postmultiplying the binary Extreme Pathway Matrix by its own transpose,
also forming a symmetric matrix. The R PM was calculated for the example system, as shown in Figure 2C . The diagonal terms in R PM refer to the number of pathways in which the given reaction participates. For example, the first diagonal term, corresponding to reaction v 1 , has a value of 3. This means that reaction v 1 participates in all three extreme pathways. An examination of EP 1 , EP 2 , and EP 3 in Figure 2A shows that reaction v 1 , which converts A → B, is in fact utilized in all three extreme pathways. The values in the Reaction Participation Matrix can be characterized as percentages of the total number of extreme pathways. To accomplish this, the entire matrix, R PM , is normalized to the total number of extreme pathways, three in the example case. Thus, the first diagonal Cold Spring Harbor Laboratory Press on December 12, 2019 -Published by genome.cshlp.org Downloaded from element would correspond to 100% reaction participation, as reaction v 1 was utilized in all three extreme pathways.
The off-diagonal terms refer to the number of extreme pathways that contain both of the corresponding reactions. For example, notice the off-diagonal element boxed in Figure  2C containing a value of 2 (or 2/3, 67%). This element refers to the number of pathways that contain both reaction b 2 (the column) and reaction v 4 (the row). Upon examining the extreme pathways in Figure 2A , one can see that both of these reactions are utilized in EP 2 and EP 3 , whereas only b 1 is utilized in EP 1 . The circled elements in Figure 2C show reaction pairs that participate in exactly the same extreme pathways. In this particular case, each of these reaction pairs participates together in all of the extreme pathways. Thus, reactions v 1 , b 1 , b 2 , and b 3 are always present. They form a reaction group, meaning that if one of them is utilized, the others must also be utilized.
This section has provided a simple method to study mathematically derived formulations describing extreme pathway length and reaction participation. The Pathway Length and Reaction Participation Matrices contain the minor and major product moments (Horst 1965 ) of the binary Extreme Pathway Matrix, respectively. The Pathway Length and Reaction Participation characterization of the Extreme Pathway Matrix can be utilized together to examine the integrated properties of large-scale networks.
RESULTS
The metabolic network for H. influenzae used in this study contained 461 reactions and 367 metabolites. The metabolic network for H. pylori used in this study contained 381 reactions and 332 metabolites. The reconstruction of metabolic networks has been reviewed previously (Covert et al. 2001) .
Reaction Participation and Pathway Length Matrices were calculated from various Extreme Pathway Matrices for the H. influenzae and H. pylori networks described previously Price et al. 2002) . Statistical analyses of these matrices for various data sets in H. influenzae and H. pylori were performed and the results are presented below. The Extreme Pathway Matrices for the following data sets were evaluated: (1) the individual production of the nonessential amino acids in H. influenzae, (2) the individual production of the nonessential amino acids in H. pylori, and (3) the production of the set of nonessential amino acids in H. pylori. Allowed inputs and outputs to the two genome-scale metabolic networks are shown in Figure 3 .
Reaction Participation
The reaction participation values were calculated for the three data sets listed above. The percentages of extreme pathways in which each reaction participated were calculated and rank ordered as shown in Figure 4 . The shape of each of the curves in Figure 4 shows three distinct regions as follows: (1) an initial flat portion of the curve representing the reactions that are utilized in all extreme pathways; (2) a region in which the reactions are sometimes, but not always, used in the extreme pathways that produce the target product; and (3) a final region containing those reactions that are never used in an extreme pathway that produces the target product. The second region contains the reactions that can be used for synthesis of the target product, but are not always necessary. Thus, this region represents reactions used in various alternate routes for the synthesis of the target product.
The numbers of essential and utilized reactions for the analyzed data sets are summarized in Table 1 . A comparison of the size of essential reaction sets for the production of amino acids with equivalent central metabolic precursors yielded an interesting result. The aromatic amino acids (which are all derived from phosphoenolpyruvate and erythrose 4-phosphate) in H. influenzae and H. pylori have the highest number of reactions that are in 100% of their respective extreme pathways (with the exception of histidine). Although the aromatic amino acids cluster together with regard to the number of essential reactions, not all amino acids with similar central metabolic precursors are similarly grouped. For example, the amino acids that are derived from oxaloacetate (aspartic acid, asparagine, methionine, threonine, lysine, and isoleucine) do not appear to group together according to the number of essential reactions.
Correlation of Reaction Participation Values; Definition of Reaction Subsets
The choices of which reactions can be used in a particular extreme pathway are not independent. The off-diagonal elements of the Reaction Participation Matrix can be used to determine subsets of reactions that always appear together across all of the extreme pathways. One obvious reaction subset is the set of all reactions that must appear in every extreme pathway. Other reaction subsets can be nonobvious.
The reaction subsets are shown in Tables 2 and 3 for lysine production in H. influenzae and H. pylori, respectively. The reactions in these reaction subsets must be either all present or all absent in any extreme pathway. Because these enzymes must operate together in all steady states, it seems likely that these enzymes would be coexpressed (Pfeiffer et al. 1999; . Thus, these reaction subsets provide groups of enzymes that may be coregulated. Tables 2 and 3 are related to the data shown in Figure 4 . The reactions listed in the first group of both Tables 2 and 3 correspond to the first region of their respective curves in Figure  4 , indicating that these reactions were always used, whereas the rest of the reaction groups shown in Tables 2 and 3 cor-
Figure 3
Illustration of the input and output constraints for the genome-scale metabolic networks in this study. The utilized inputs in H. influenzae and H. pylori are listed at left. More inputs were allowed to comprise previously defined minimal medium. However, only the inputs listed above were utilized by the metabolic networks for the synthesis of the specified products. The allowed outputs are listed at right. The target products for H. pylori included the nonessential amino acids as well as the simultaneously produced set of nonessential amino acids in both E. coli and equimolar ratios. The target products for H. influenzae included the nonessential amino acids.
respond to the reactions in the drop-off region of the respective curves in Figure 4 . Note that Tables 2 and 3 do not list reactions that are never used.
From detailed analysis of these reaction subsets, some interesting characteristics emerge. First, the pentose phosphate reactions in H. influenzae lysine synthesis (group 6 in Table 2 ) and the serine synthesis reactions (group 2 in Table 2 ) form obvious groups. A nonobvious group for lysine synthesis in H. influenzae consists of the reactions in group 4 of Table 2 as follows: (1)ASNA, ASP + ATP + NH 3 ¡ ASN + AMP + PPI; (2) ANSB, ASN ¡ ASP + NH 3 ; (3) ADK1, ATP + AMP ↔ 2 ADP, with metabolites ASP -L-aspartate, A S N -L -a s p a r a g i n e , ATP -adenosine triphosphate, AMP -adenosine monophosphate, ADP -adenosine diphosphate, NH 3 -ammonia, and PPI -diphosphate. Reaction ASNA is catalyzed by the enzyme aspartate-ammonia ligase; reaction ANSB is catalyzed by the enzyme L-asparaginase II; and reaction ADK1 is catalyzed by the enzyme adenylate kinase. The first two reactions interconvert asparagine and aspartate (albeit with different byproducts and cofactors). However, the reaction ADK1 is not a reaction that would obviously be correlated to ASNA and ANSB. Initially, this reaction might be grouped with nucleotide synthesis reactions, or some other energy-associated reactions. It is also interesting to note that no other reaction correlates with this subset (i.e., another reaction involved in nucleotide synthesis or energy production).
For lysine synthesis in H. pylori, there were other nonobvious reaction subsets. Group 13 consists of the following reactions:
(1) CDSA, PA + CTP ¡ CDPDG + PPI; (2) CDH, CDPDG ¡ CMP + PA; (3) CMKA, CMP + ATP ↔ ADP + CDP; (4) NDK3, CDP + ATP ↔ CTP + ADP, with metabolites PAphosphatidate, CTP -cytidine trip h o s phate, CDPDG -CDPdiacylglycerol, PPI -diphosphate, CMP -cytidine monophosphate, CDP -cytidine diphosphate ATP -adenosine triphosphate, and ADP -adenosine diphosphate. It is interesting to note that two reactions (CDSA and CDH) associated with phospholipid and fatty acid metabolism were correlated with two reactions (CMKA and NDK3) associated with nucleotide synthesis. Another interesting grouping in H. pylori lysine synthesis was seen in groups 7 and 8. Both subsets contain reactions associated with glycolysis, and yet, the reactions do not group together. This result ocurrs because the metabolite 3-phosphoglycerate (3PG) can be used in the reaction SERA; thus, 3PG produced by the reaction PGK need not be consumed in the reaction PGM. Rather, 3PG can be siphoned off from glycolysis and consumed by the reaction SERA. Consequently, PGK and PGM are not in the same reaction subset for lysine synthesis in H. pylori.
Figure 4
Reaction participation values for all of the data sets calculated in this study. (A,B) The spectrum of reaction participation values, with a shortened x-axis so as to highlight the non-zero reaction participation values. Note the three regions in A and B as follows: (1) set of reactions that participate in all of the extreme pathways; (2) reactions that participate in varying amounts of extreme pathways; and (3) reactions that do not participate in any of the extreme pathways. Also note that the ordering of the reaction number is different for each data set so that the reaction number in each set corresponds to a different reaction. 
Extreme Pathway Length
The extreme pathway lengths were calculated for the three data sets described above. Figures 5 and 6 show the histograms of extreme pathway lengths for the production of the amino acids in H. pylori and H. influenzae, respectively. Table  4 presents a summary of the statistical properties for the extreme pathway length distributions shown in Figures 5 and 6 .
Extreme Pathway Length Distribution
The histograms of extreme pathway lengths for the production of each of the nonessential amino acids in H. pylori are shown in Figure 5 . The distributions in extreme pathway length corresponding to the production of each of the amino acids are very diverse. However, a few common features exist among these distributions. One striking characteristic shown in Figure 5 is that many of the distributions have more than one peak. Thus, it seems that there are often multiple com-mon extreme pathway lengths around which deviations can be made.
The histograms for the extreme pathway lengths for the production of each of the amino acids in H. influenzae are shown in Figure 6 . The extreme pathway length distribution Fig. 3 for the indicated network inputs and outputs. Essential reactions refers to the number of reactions that were used in every extreme pathway (region I in Fig. 4 ). Utilized reactions refers to the number of reactions that were used at least once in the set of extreme pathways for the production of the associated product (region II in Fig. 4 ). The individual amino acids are sorted in descending order according to the number of essential reactions. Equimolar amino acids refers to the set of amino acids in equimolar ratios. E. coli ratio amino acids refers to the set of amino acids in ratios analogous to those seen in E. coli biomass. 1 THRA1, ASD, DAPA, DAPB, DAPD, DAPC, DAPF, LYSA,  GDHA, ASPC2, FBA, TPIA, GAPA, PGK, GPMA, ENO,  SUCCD, PPC, FRUTR, FRUK, PTA, ACKA, CO2TR, ACTR,  NH3TR , ACxt, CO2xt, FRUxt, NH3xt, LYS 2 SERA, SERC, SERB 3 GLYA, GCV, FMT, FOLD1, FOLD2 4 ASNA, ANSB, ADK1 5 ASPA, FUMC 6 PGI1, ZWF, GND, RPIA, RPE, TALB, TKTA1, TKTA2, PGL 7 ACCABCD, FABD, FABH, FABB 8 DGKA, PAPHTSE 9 GLMS, NAGB 10 PYRG, NDK2, NDK3, CDD1, CMKB2, CMKB3, USHA6 11 NDK1, UDK 12 NDK5, TMK2, DUT 13 TDK1, USHA2 14 TDK2, USHA1 15 GLGC, GLGA, GLGP 16 GLPA, GPSA 17 CYDA, O2TR, O2xt 18 MGSA, GLOA, GLOB Each of the reactions subsets above are correlated in the extreme pathways that correspond to lysine synthesis in H. influenzae. For example, in every extreme pathway, the reactions TDK2 and USHA1 (group 14) are either used or not used together. Group I contains the reactions that are always utilized (region I in Fig. 4 ) and Groups 2-18 above are in the variable region (region II in Fig. 4 ) Table 3 . Reaction Subsets for Lysine Synthesis in H. pylori of valine and alanine are essentially identical, except that the extreme pathway lengths of valine are shifted. It can be seen that for all of the longer pathways, it takes three extra reaction steps to make valine instead of alanine. However, for the shorter extreme pathways, it actually takes five extra reaction steps to make valine instead of alanine. Thus, the number of extra reaction steps needed to make valine instead of alanine depends upon the set in which the active extreme pathways lie.
It is instructive to compare the extreme pathway length distributions for the same products between H. pylori and H. influenzae. For example, a comparison of aspartic acid production in H. pylori and H. influenzae reveals a distribution that is roughly reversed between the two organisms. A similar pattern is seen with tryptophan and tyrosine. The extreme pathway length distributions for asparagine are similar for the two organisms, whereas many distributions of the other amino acids are quite different.
The extreme pathway length distributions for the simultaneous production of the set of nonessential amino acids in H. pylori is shown in Figure 5 , both for equimolar ratios and for ratios corresponding to the amino acid composition in Escherichia coli. The range of pathway lengths was quite small, varying between 99 and 112 for both sets with a coefficient of variation of 2%. The shape of the distributions for both compositions was very similar.
Correlation to Product Yield and Molecule Complexity
The yield of the target product (defined as output flux per unit carbon input flux) was plotted against the pathway length for all data sets in H. pylori and H. influenzae, with a representative set shown in Figure 7 . In all cases, there was a very poor correlation between the yield of the target product (amino acids, ribonucleotides) and the length of the extreme pathway. However, for proline synthesis in H. pylori and alanine and valine synthesis in H. influenzae, the maximum yield pathways were also the pathways with the shortest length (data not shown). There was no obvious correlation between the yield and the pathway length for the other extreme pathways. Thus, finding the shortest extreme pathway between substrate and product did not correlate to finding the extreme pathway of highest yield.
The extreme pathways were also evaluated to determine whether extreme pathway length could be correlated with the complexity of the molecule being synthesized. Molecular complexity was defined by (1) the number of carbon and nitrogen atoms in the molecule, (2) the total number of atoms in the molecule, and (3) the molecular weight of the mol- ecule. The average pathway length was plotted against these characterizations of molecular complexity (Fig. 8) . A line was fitted to the data to determine the degree of linear correlation between the two variables. The resultant R 2 values for the three cases are indicated on the plots (with P values << 0.001 for the slopes and intercepts in all three cases). Thus, there appears to be a weak correlation between extreme pathway length and the chemical complexity of the target product.
DISCUSSION
This study presents mathematically precise definitions of extreme pathway length and reaction participation, and their evaluation for genome-scale metabolic networks. These extreme pathway characterizations help to study emergent properties of metabolic networks. From the Reaction Participation and Pathway Length Matrices, several key results were obtained as follows: (1) the reaction participation values demonstrated the computation of essential reaction subsets without which the network would be incapable of synthesizing the product of interest; (2) the off-diagonal terms of the Reaction Participation Matrix elucidated sets of reactions that were systemically correlated; (3) the minimal extreme pathway length indicated the minimum number of reactions necessary to synthesize a given product, including a set of variable reactions in addition to the essential reaction set; (4) the extreme pathway lengths were not correlated with the prod-uct yield and were poorly correlated with different measures of molecular complexity of the target product; and (5) there were distinct extreme pathway length distribution differences between the two organisms studied. Thus, Reaction Participation and Pathway Length Matrices can be used to clearly and quantitatively enumerate emergent properties of defined metabolic networks.
The Reaction Participation Matrix allowed the definition of essential reaction sets. The determination of these essential reaction sets could enable the identification of the organism's weaknesses. A knockout of any one of these reactions would result in the complete crippling of the synthesis capability for the corresponding product. For lysine synthesis in H. influenzae, there were 31 reactions in all of the extreme pathways forming the core set of reactions that must be present in lysine synthesis. However, there were 37 reactions in the shortest extreme pathway, showing that at least 6 additional reactions were needed to complete a pathway in addition to the core set of reactions. For the synthesis of the equimolar amino acid set in H. pylori, there were 85 reactions in all of the extreme pathways, with a length of 99 reactions for the shortest extreme pathway. The difference between the size of the essential reaction set and the minimum and maximum pathway lengths represents a certain degree of redundancy in the network, an ability of the metabolic network to make a selection in how the product is synthesized. Identifying the reac- An analysis of the off-diagonal values of the Pathway Length and Reaction Participation Matrices led to interesting characterizations. The off-diagonal terms of the Pathway Length Matrix indicated the number of reactions that a pair of extreme pathways has in common, in other words, their shared length. Many core reactions are used in the synthesis of most products. From the Reaction Participation Matrix, we can determine the number of pathways that use both of a given pair of reactions. The shared participation in part indicates the correlation between reactions for a given metabolic network under specified conditions. Interestingly, nonobvious reaction subsets were found. Whereas obvious reaction subsets (e.g., pentose phosphate reactions) indicate an expected functional connection under the specified conditions, less-obvious groups indicate a functional connection that goes beyond traditional classifications, as discussed above. Subsequently, these less-obvious reaction subsets could correspond to genes that are transcriptionally coregulated (Pfeiffer et al. 1999; . This study presents the first analysis of reaction correlation from the full comple-ment of metabolic genes. If the groups are not transcriptionally coregulated, it would be interesting to investigate why the reactions in a subset are functionally coregulated, perhaps serving to better understand physiological behavior, objectives, or adaptive pressures.
Interestingly, the length of an extreme pathway was found to be uncorrelated with the yield values for all cases studied herein. This result suggests that a simple visual inspection of a metabolic network cannot readily identify optimal pathways for the production of a given product. For example, simply identifying the shortest pathway from reactant to product is not necessarily the pathway of maximum yield. There could be multiple routes that combine carbon lost as a byproduct in one reaction step and reincorporated in another reaction step to produce the highest yield for a given product. Furthermore, various measures of molecular complexity were also not strongly correlated with the target product yield. This result further supports the observation that metabolic networks are so inherently interconnected and complex that integrative analytical approaches are needed to elucidate systemic characterizations.
In summary, the Pathway Length and Reaction Partici- 
METHODS

Genome-Scale Maps
The in silico models for H. pylori (Schilling et al. 2002) and H. influenzae (Edwards and Palsson 1999; were reconstructed previously using established methodologies (Covert et al. 2001) . The reactions used in these in silico models can be found at http://gcrg.ucsd.edu/ downloads. These in silico strains were constrained to minimal medium requirements and defined exchange fluxes. Figure 3 illustrates schematically the systemic input and output constraints utilized in this study.
Extreme Metabolic Pathways and Convex Analysis
The Extreme Pathway Matrices utilized in the present study were calculated as described previously for H. influenzae and H. pylori . Briefly, Extreme Pathway Matrices are derived directly from the stoichiometric matrix describing the known metabolic network of an organism. The m ‫ן‬ n stoichiometric matrix, S, of a reconstructed metabolic network includes all metabolites (m rows) and all corresponding metabolic reactions and transport processes (n columns). The flux represents the amount of mass moving through the associated reaction. An exchange flux corresponds to a flux across the system boundary. An internal flux corresponds to a reaction within the system. A metabolic network can be constrained by implementing simple thermodynamic principles regarding the irreversibility of reactions. With reversible reactions decomposed into their respective forward and reverse directions, all internal fluxes are constrained to be non-negative, as expressed in Equation 3.
in which v is a vector of all the internal fluxes of the metabolic network.
The stoichiometric constraints of a metabolic system (conservation of mass) at steady state can be described by Equation 4, in which S is the m ‫ן‬ n stoichiometric matrix described above. The fluxes through each of the n corresponding reactions of the stoichiometric matrix are represented by the vector, v.
A convex basis is constructed to span all solutions to Equation 4, subject to the inequality constraints from Equation 3, so that pathways do not use fluxes opposite the direction of an irreversible reaction. The vectors forming this convex basis are the extreme pathways (p i ). From this convex basis, a cone can be generated to circumscribe all allowable solutions. Every point within the cone can be written as a non-negative combination of the extreme pathways (Equation 5). Thus, this cone circumscribes all valid solutions to Equation 4.
Any point in the interior of this cone represents a valid steady-state set of flux values for the metabolic network and corresponds to a particular metabolic phenotype. A more detailed description of the theory behind extreme pathway analysis and a description of the algorithm used to calculate the pathways can be found elsewhere .
For the purposes of this study, the flux corresponding to the target product was constrained to be positive.
Statistical Calculations
All statistical calculations and plots were generated with Statistica (Statsoft) and Excel (Microsoft) software.
Reaction Subset Calculations
The correlated reaction groups were determined by inspecting the off-diagonal terms of the Reaction Participation Matrix. A MATLAB program was used to scan through all of the offdiagonal terms of the reaction participation matrix. Reaction
Figure 7
Correlation of extreme pathway length and yield (mol of protein/mol of carbon input) in H. pylori protein synthesis. There was essentially zero correlation between target product yield and extreme pathway length in all of the data sets evaluated in this study, as illustrated in this figure.
i and reaction j were placed into the same subset whenever element i,j was equal to both element i,i and element j,j. These subsets of two were then joined whenever they had elements in common, until no more groupings could be made and each reaction was a member of no more than one group. For example, if the elements i,i, and j,j each had a value of 30, reactions i and j would participate in 30 extreme pathways. If the element i,j had a value of 30, then the reactions i and j would participate together in 30 extreme pathways. Subsequently, when the elements i,i, j,j, and i,j have equivalent values, then the corresponding reactions always appear together.
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Figure 8
Correlation of extreme pathway length with molecule complexity. The molecule complexity is characterized by the number of carbons and nitrogens, the total number of atoms, and the molecular weight of the target product. The line that best fits the data is indicated, along with its corresponding equation and R 2 value. All of the weak linear correlations are statistically significant (P-value << 0.001). 
Length and Participation in Extreme Pathways
